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ABSTRACT
We consider some aspects of conformal symmetry in a metric-scalar-torsion system.
It is shown that, for some special choice of the action, torsion acts as a compensating eld
and the whole theory is conformally equivalent (with accuracy of the overall sign) to General
Relativity. One-loop divergences arising from the scalar loop are calculated and both the
consequent anomaly and the anomaly-induced eective action are derived.
1 Introduction
The studies in the framework of gravity with torsion have a long history and many interesting
achievements. In particular, the relation between torsion and local conformal transformation





going to investigate some details of conformal symmetry that come up in some metric-scalar-
torsion systems. First, we briefly consider, following earlier papers [2, 3, 4], a similar system
without torsion and then investigate the theory with torsion; proceeding further we derive
the one-loop divergences, conformal anomaly and the anomaly-induced eective action. For
the sake of generality, we present all classical formulae in an n-dimensional space-time, for
n 6= 2 (see the Appendix of [4] for the discussion of the special n = 2-case in the torsion-free
theory). The divergences and anomaly are all evaluated around n = 4.
2 Brief review about on torsionless theory.
Our purpose here is to show that the n-dimensional metric-dilaton model, including only sec-
ond derivative terms, is conformally equivalent to General Relativity. This equivalence has
been originally demonstrated and discussed in [2]. Here we discuss it this in a slightly dier-
ent manner. Similar, but somehow more general consideration including the reparametriza-
tion of the scalar eld, may be also found in [3, 4] (see also [1] for a general fresh review of
conformal transformations in classical relativity and [5] for a general review about conformal
anomaly).













This action depends on the metric, g^ , and we now set g^ = g  exp[2σ], where σ = σ(x).
In order to describe the local conformal transformation in the theory, we need some relations
between geometric quantities of the original and transformed metrics:√
−g^ = p−g en , R^ = e−2
[
R− 2(n− 1)(2σ)− (n− 2)(n− 1)(rσ)2
]
 (2)
Substituting (2) into (1), after integration by parts, we arrive at:





(n− 1) (n− 2)
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n− 2 , (4)





















So, we are naturally led to the conclusion that General Relativity with cosmological constant
is equivalent to the metric-dilaton theory described by the action of eq. (5). One has to
notice that the later possesses an extra local conformal symmetry, which compensates an
extra (with respect to (1)) scalar degree of freedom. Moreover, (5) is a particular case of a
family of similar actions, linked to each other by the reparametrization of the scalar or (and)
the conformal transformation of the metric [4]. The symmetry transformation which leaves
the action (5) stable,




degenerates at n ! 2 and that is why this limit cannot be trivially achieved [4].
3 Conformal invariance in metric-scalar-torsion theory
In this section, we are going to construct the conformally symmetric action with additional
torsion eld. Using notations, similar to the ones given in [6], for n  4, torsion may be
decomposed according to the expression bellow:
Γ˜;γ − Γ˜;γ = T;γ = 1
n− 1 (Tgγ − Tγg)−
1
3!(n− 3)!εγ1:::n−3S
1:::n−3 + q . (7)
We shall denote, as before, Riemannian covariant derivative and scalar curvature by r and
R respectively, and keep the notation with tilde for the geometric quantities with torsion.
In n = 4 the axial tensor S1:::n−3 reduces to the usual S { axial vector [6].
One can write a non-minimal action for the second-derivative scalar theory coupled to


















Here, the non-minimal sector is represented by ve structures:
P1 = R , P2 = rT  , P3 = T T  , P4 = S1:::n−3 S1:::n−3 , P5 = qγ qγ ; (9)
only the term in ξ1R is present in the torsionless case. The equations of motion for the
torsion tensor can be split into three independent equations written for the components






, S = qγ = 0 . (10)
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n− 1 . (12)
Therefore, we notice that the version of the Brans-Dicke theory with torsion (8) is conformally
equivalent to General Relativity (1) provided that the new condition (12) is satised and
no sources for the components T, S, qγ of the torsion tensor are included. In fact, the
introduction of external conformally covariant sources for S, q

γ or to the transversal
component of T do not spoil the conformal symmetry. The equation of motion for T can
be regarded as a constraint xing the conformal transformation for this vector consistently
with the one for metric and scalar, so that instead of (6) one has
g0 = g  e2(x) , ϕ0 = ϕ  e(1−
n
2






Now, in order to be sure about the number of degrees of freedom in this theory, let us
compute the remaining eld equations for the whole set of elds. The dynamical equations







































2− ξ1R− ξ2rT  − ξ3TT 
)
ϕ = 0 . (15)






















R φ = 0 (17)
Taking the trace of the rst equation, it can readily be noticed that this equation is exactly
the same equation as the one for scalar eld. This justies, indeed, our procedure for
substituting (10) into the action.
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It is easy to check, by direct inspection, that even o-shell, the theory with torsion,
satisfying the relation (12), may be conformally invariant if we dene the transformation
law for the torsion trace according to (13): and also postulate that the other pieces of the
torsion, S and q

γ do not transform. The quantities
p−g and R transform as in (2).
One may introduce into the action other terms depending on the torsion, which do not





p−g ϕ 2(n−4)n−2 T T , (18)
where T = ∂T − ∂T. This term reduces to the usual vector action when n ! 4. It is
not dicult to invent other conformally invariant terms containing other components of the
torsion tensor in (7).
To complete the discussion, we mention that the direct generalization of the Einstein-
Cartan theory including an extra scalar is not equivalent to General Relativity. To see this,
one uses that


























Obviously, the condition (12) cannot be not satised for an arbitrary value of ξ.
4 Divergences, anomaly and induced effective action
In four dimensions, by integrating over the free scalar eld (even without self-interaction),
one meets vacuum divergences and the resulting trace anomaly breaks conformal invariance.
Consider the renormalization and anomaly for the conformal metric-scalar theory with tor-
sion formulated above. The renormalizability of the theory requires the vacuum action to
be introduced, which has to be of the form of the possible counterterms. The total four-


























R + 6 ξ2 (rT ) + 6 ξ3 TT 
)
+ ξ4 SS
 + ξ5 qq
 . (22)
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Before going on to calculate divergences and anomaly, we mention that the Noether
identity corresponding to the conformal symmetry in the theory (8), with (12) satised,
looks like










= 0 . (23)
Therefore, the anomaly has to be modied and one may expect < T > 6= 0 instead of
usual < T  >. It seems necessary to carry out special calculations for this new anomaly,
but one can nd < T > in a more economic way. The crucial observation is that P from
(22) transforms4 under (13) as P 0 = P  e−2(x). Therefore, the non-trivial transformation
of torsion is completely absorbed by P , and we can use standard results for the relation
between divergences and anomaly [8]. In particular, using the Schwinger-DeWitt technique,
we nd that the 1-loop counterterms are given by the expression (here C2 = CC



























that gives, as a by-product, the list of necessary terms in the vacuum action. Using the
observations above, we can immediately cast the trace anomaly in the form




















One can proceed and, following [9, 10, 11], derive the conformal non-invariant part of the
eective action of the vacuum, which is responsible for the anomaly (25). This eective action
has been used as a basis of a number of interesting applications, including an approach for the
low-energy quantum gravity [12], quantum back reaction of vacuum to the matter elds [13],
inflationary cosmology [16] (equivalent result can be indeed achieved directly through the
anomaly) and black holes [17]. Taking into account our previous treatment of the conformal
transformation of torsion, we consider it hidden inside the quantity P of eq. (22). One can
imagine P to be of the form P = g P P where the vector P doesn’t transform, and




=< T > . (26)
In order to nd the solution for Γ we can factor out the conformal piece of the metric









2] jg¯µν!gµν ;!0 . (27)
4As a consequence, the action
∫ p−gPφ2 is conformal invariant. This fact has been originally discovered
in [7].
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r2 P − 2 r ( P  rσ)
) ]
(28)
This equation can be indeed solved in the form
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σ σ − 1
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where Sc[g ; P ] is an unknown functional of the metric g(x) and P , which serves as an
integration constant for any solution of (26). In case we need to rewrite (29) in terms of the
original quantities, g and P , this functional becomes a conformally-invariant functional of
these variables.
5 Discussion
We have considered the conformal transformation properties of the second derivative metric-
torsion dilaton gravity with torsion. In particular, it has been shown that torsion may play
the role of a compensating eld that provides the equivalence between this theory and
General Relativity at classical level. One can understand better this equivalence if we divide






∂ T , (30)
where rT? = 0 and the coecient 23 has been introduced for the sake of convenience.
Under the conformal transformation (13), the transversal part is inert and T 0 = T −σ. Now,
we can see that the expression (22) is nothing but
















that ensures, after one compares it with (2), the conformal stability of P . In fact, the
active compensating role of the torsion trace, T, belongs to the scalar mode T , and other
components of the torsion tensor, including T? , enter P in the form (31) and serve as some
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kind of conformally transformed mass. On the mass shell, this "mass" disappears because
all its constituents, T? , S, q, vanish. Eectively, the theory (21) is a two-scalar theory
conformally equivalent to the usual General Relativity. Since the latter does not have any
scalars, here we meet twice more scalars and, correspondingly, double conformal symmetry
as compared to the theory (5). One can arrive to the same double conformal symmetry in
a dierent way. For instance, it is possible to apply the procedure leading from (1) to (5)
again to the action (5). This would endow the theory with two scalars, but the equivalence to
General Relativity is not lost, after some steps, one has to arrive at a non-linear sigma-model
coupled to gravity, which has high degree of degeneracy and still is conformally equivalent
to General Relativity. We plan to study this point in more details in a near future.
Acknowledgments I.Sh. is grateful to the Physics Department of UFJF for warm hospi-
tality and to the CNPq for the permanent support. His work was partially supported by
RFFI (project 99-02-16617). A.PF. is grateful for G. de Berredo Peixoto for discussions and
help with the text.
References
[1] V. Faraoni, E. Gunzig and P. Nardone, Gr-qc/9807066. To appear in Fundamentals of
Cosmic Physics.
[2] S. Deser, Ann.Phys. (NY) 59 (1970) 248.
[3] I.L. Shapiro and H. Takata, Phys.Lett. 361 B (1996) 31.
[4] I.L. Shapiro, Class. Quantum Grav. 14 (1997) 391.
[5] M.J. Du, Class.Quant.Grav 11 (1994) 1387.
[6] I.L. Buchbinder, S.D. Odintsov and I.L. Shapiro, Eective Action in Quantum Gravity
(Institue of Physics Publishing, Bristol and Philadela) 1992.
[7] Yu.N. Obukhov, Phys.Lett. 90A (1982) 13.
[8] M.J. Du, Nucl.Phys. B125 (1977) 334.
[9] R.Y. Reigert, Phys.Lett. 134B(1984) 56.
[10] E.S. Fradkin and A.A. Tseytlin, Phys.Lett. 134B (1984) 187.
8
[11] I.L. Buchbinder, S.D. Odintsov and I.L. Shapiro, Phys.Lett. 162B (1985) 92.
[12] I. Antoniadis and E. Mottola, Phys. Rev. 45D (1992) 2013.
[13] I.L. Shapiro and G. Cognola, Phys.Rev. 51D (1995) 2775; Class. Quant. Grav. 15
(1998) 787; 3411.
[14] A.A. Starobinski, Phys.Lett. 91B (1980) 99; S.G. Mamaev and V.M. Mostepanenko,
Sov.Phys. - JETP 51 (1980) 9 (see also [15] for the earlier work on the anomaly-induced
cosmology).
[15] M.V. Fischetti, J.B. Hartle and B.L. Hu, Phys.Rev. D20 (1979) 1757.
[16] J.C. Fabris, A.M. Pelinson, I.L. Shapiro, Anomaly-induced eective action for gravity
and inflation. gr-qc/9810032.
[17] R. Balbinot, A. Fabbri and I.L. Shapiro, Anomaly induced eective actions and Hawk-
ing radiation. hep-th/9904074; Vacuum polarization in Schwarzschild space-time by
anomaly induced eective actions and Hawking radiation. Hep-th/9904162.
9
